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Abstract. We derive fundamental asymptotic results for the expected covering ra¬ 
dius p (Vv) for N points that are randomly and independently distributed with respect 
to surface measure on a sphere as well as on a class of smooth manifolds. For the unit 
sphere S d C R f/+1 , we obtain the precise asymptotic that Ep^A^lV/loglV] 1 ^ has limit 
[{d + l)Vd+\/Vd] X ^ d as N —> where x>d is the volume of the d-dimensional unit ball. 

This proves a recent conjecture of Brauchart et al. as well as extends a result previously 
known only for the circle. Likewise we obtain precise asymptotics for the expected cov¬ 
ering radius of N points randomly distributed on a d-dimensional ball, a d-dimensional 
cube, as well as on a 3-dimensional polyhedron (where the points are independently dis¬ 
tributed with respect to volume measure). More generally, we deduce upper and lower 
bounds for the expected covering radius of N points that are randomly and independently 
distributed on a metric measure space, provided the measure satisfies certain regularity 
assumptions. 
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1. Introduction and Notation 

The purpose of this paper is to obtain asymptotic results for the expected value of the 
covering radius of N points X N — {xi,X2, ■ ■ ■ ,Av} that are randomly and independently 
distributed with respect to a given measure /i over a metric space .m). By the covering 
radius p(Xv- SC) (also known as the mesh norm or fill radius ) of the set Ay with respect 
to SC, we mean the radius of the largest neighborhood centered at a point of SC that 
contains no points of Xv; more precisely, 

p(Xv, SC) := sup inf m{y,xj). 

yeX J 

Our focus is on the limiting behavior as N —> °° of the expected value Ep(Xv, SC'). 

The covering radius of a discrete point set is an important characteristic that arises in a 
variety of contexts. For example, it plays an essential role in determining the accuracy of 
various numerical approximation schemes such as those involving radial basis techniques 
(see, e.g. (9), lH3lO . Another area where the covering radius arises is in “1-bit sensing”, 
i.e., the problem of approximating an unknown vector (signal) x £ K from knowledge of 
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m numbers signer. Qj), j — 1,..., m, where the vectors 6j are selected independently and 
randomly on a sphere; see discussion after Corollary 12.91 for details. 

With regard to asymptotics for the expected value of the covering radius, of particular 
interest is the case where is the unit sphere S d in W l+1 and the metric is Euclidean 
distance in Br . In [O, Bourgain, Samak and Rudnick study local statistics of certain 
spherical point configurations derived from normalized sums of squares of integers. Their 
investigation focuses on whether such configurations exhibit features of randomness, and 
for this purpose they study various local statistics, including the covering radius of random 
points on E> d . They prove that this radius is bounded from above by jV^/^+of 1 ) as N —> 

For d = 1, i.e. the unit circle, it is shown in Q by using order statistics, that for N 
points independently and randomly distributed with respect to arclength on the circle, 


lim Ep(Xjy, S 1 ) 

N — 


N 

log N 


= K. 


Up to now, there has been no extension of this result to higher-dimensional spheres where 
the order statistics approach is more elusive. Based on a heuristic argument and numerical 
experiments, Brauchart et al. [[2l have conjectured that the appropriate extension of the 
circle case is the following: 


(1.1) lim Ep(X^,S rf ) • 
N — 


N 


log N 


l/d f(d+i)v d+l y' d 


Vd 




= 2y/n 


r( 


d+2 3 


l/d 


r( 


d+1 


where Vj YWTZjTj ’ s volume of a ^/-dimensional unit ball in R d , and the points 

of X,\r are randomly and independently distributed with respect to surface measure on E> d 
(more precisely, d-dimensional Hausdorff measure ). Their conjecture is also consis¬ 
tent with a result of H. Maehara ffTTI who obtained probabilistic estimates for the size of 
random caps that cover the sphere § 2 . He showed that with asymptotic probability one, 
random caps with radii that are a constant factor larger than the expected radii will cover 
the sphere, whereas this asymptotic probability becomes zero when the random caps all 
have radii that are a factor smaller. However, his results fall short of providing a sharp 
asymptotic for the expected covering radius (in addition, his methods do not readily gen¬ 
eralize to other smooth manifolds). As discussed in Section 3, our results for the sphere 
cannot be directly derived from Maehara’s; however, his results are a direct consequence 
of our Corollary 13.31 

The main goal of this article is to provide a proof of (11.11) and its various generalizations. 

We remark that for any compact metric space (m) with having finite cZ-dimcnsional 
Hausdorff measure, there exists a positive constant C such that for any T/v = {yi,... ,yw} C 
JT, there holds 


(1.2) Pa N> 1. 

Indeed, a lemma of Frostman (see, e.g. Theorem 8.17 in [fT2l l implies the existence of a 
finite positive measure p on & for which p(B(x, r)) < (2 r) d for all x6 J and all 0 < 
r < diam(.5T). where B{x. r) denotes the ball centered at x having radius r. Consequently, 


o < \l{SC) < £ n{BlyuPN )) <M2pA,) rf , 


i=l 
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which verifies (11.21) . Thus, as also remarked in 0 and made more explicit by (11.11) . 
randomly distributed points have relatively good covering properties, differing from the 
optimal by a factor of (logA^) 1 /^. 

The outline of this paper is as follows. In Section 2, we state our probabilistic and 
expected covering radius estimates for general compact metric spaces, where the points 
are randomly distributed with respect to a measure satisfying certain regularity conditions. 
Results for compact subsets of Euclidean space are given in Section 3, including sharp 
asymptotic results for randomly distributed points with respect to Hausdorff measure on 
rectifiable curves, smooth surfaces, bodies with smooth boundaries, J-dimensional cubes, 
and 3-dimensional polyhedra. The proofs of our stated results are provided in Section 5 
utilizing properties established in Section 4 for a commonly arising probability function. 

We conclude this section with a listing of some notational conventions and terminology 
that will be utilized throughout the paper. 

• We denote by B(x,r ) a closed ball in the metric space (Jf’.mj; more precisely, 
B{x,r) :={y G EE : m(y,x) ^ r}. For J-dimensional balls in Euclidean space we 
write B d (x, r ). 

• For a positive finite Borel measure p supported on a set 3E, we say that a point x 
is randomly distributed over with respect to p, if it is distributed with respect 
to the probability measure p/p(fE); i.e., for any Borel set K it holds that P(jc G 


K)=ti(K)/n(X). 


• For a positive integer s ^ d, we denote by Jif s the 5-dimensional Hausdorff 
measure on the Euclidean space W l with the Euclidean metric, normalized by 

J%([0, l]' 5 ) = 1. Thus, — 2^y(\+s/2) ^ S (.E), where is the Hausdorff 

measure defined in ®. 

• If K is a subset of the Euclidean space K rf , we always equip it with the Euclidean 
metric m(x,y) — \x — y|. 

• The symbols ci,C 2 ,..., and Ci,C 2 ,... shall denote positive constants that may 
differ from one inequality to another. These constants never depend on N. 


2 . Main Theorems for Metric Spaces 


Throughout this section, we assume that (EE,m) is a metric space, p is a finite positive 
Borel measure supported on EE, and Xy = {jti,... ,xn} is a set of Appoints, independently 
and randomly distributed over with respect to p. Our theorems provide estimates for 
the probability and expected values of the covering radius p(X,v, EE) when the measure 
p satisfies certain regularity conditions described by a function <t>. 

Theorem 2.1. Suppose <t> is a continuous non-negative strictly increasing function on 
(0,°°) satisfying d>(r) —> 0 as r —> 0 + . If there exists a positive number ro such that 
p{B(x, r)) f <t>(r) holds for all x G SE and every r < ro, then there exist positive constants 
ci, C2, C3, and (Xq such that for any a > CCq we have 



( 2 . 1 ) 


If in addition, <t> satisfies <J»(r) ^ r a for all small r and some positive number a, then 
there exist positive constants c\,C 2 such that 


( 2 . 2 ) 
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A lower bound for the expected covering radius is given in our next result. 


Theorem 2.2. Let be a continuous non-negative strictly increasing function on (0,°°) 
satisfying <P(r) —> 0 as r —> 0 + and the strict doubling property; i. e ., for some constants 
Ci,C 2 > 1 and any small r it holds that C\^{r) f d>(2 r) ^ C 2 <$>(r). If there exists a subset 
JiCf with the following two properties: 

(i) p(SCi) > 0; 

(ii) there exist positive numbers ip and c such that for any x G 3C\ and every r < ro 
the regularity condition c < f>(r) ^ p{B(x } r)) ^ <F(r) holds, 

then there exist positive constants c\ , c 2 , and c 3 such that 


(2.3) 


P 


p{X m SC)^c^~ l 


( c 2 logiV-c 3 log log iV \ 

\ N J. 


l-o(l), oo. 


Consequently, there exist positive constants c\ and c 2 such that 
(2.4) E, p(X N , SC) > c^ 1 ■ 


Combining Theorems 12. II and 12.21 we deduce the following. 


Corollary 2.3. Assume the function <t> is continuous non-negative, strictly increasing, 
strictly doubling, and that there exist positive numbers ro and <3 such that <J»(r) ^ r a for 
every r < rQ. If for some positive constants c, C, any x G SC and every r < ro we have 

(2.5) c4>(r) ^ ju(5(x, r)) ^ C4>(r), 


then there exist positive constants c \. c 2 , c 3 . cp such that for any e > 0 there is a number 
N(e) such that for any N > N(e) we have 


( 2 . 6 ) 


P 


Cl ®- 1 


> 1 -e. 


Moreover, there exist positive constants C 1 .C 2 .C 3 .C 4 such that 

(2.7) C^- 1 (c 2 ^jpj < Ep(A,v, SC) < C 3 <£> 1 (c 4 


log N\ 
N )■ 


For recent estimates similar to (12.61) and (12.71) for the spherical cap discrepancy of ran¬ 
dom points on the unit sphere S 2 C R 3 , see Theorems 9 and 10 in fl]. 

An important class of sets in W l to which Corollary 12.31 applies are described in the 
following definition. 


Definition 2.4. We call a set SC C W 1 s-regular if the condition (12.51) holds for /i = M J S 
and <£>(r) = r y ; i.e., for some positive constants ro, c, and C there holds 

(2.8) cr s ^ jC s (B c j(x, r) D SC) C Cr s for any x G SC and every r < ro- 


Remark 2.5. Examples of sets in Euclidean space for which Corollary 12.31 holds include 
a cube [0, \) d , a rectifiable curve F c R rf , the unit sphere El 1 1 C R rf , or any 5 -regular set 
C W 1 . Furthermore, the results of the Corollary [23] hold not only for <t>(r) = r\ but for 
more general regularity functions, such as <F(r) = r“log^ ( 1 /r), with a > 0 and /3 ^ 0 . 

In particular, Corollary 12.31 applies for the “middle 1/3” Cantor set & in [0,1] with 
dp — l^d^f og 2 /i og3 . We remark that for /i-a.e. point x e 'C we have 


liminf 

r ^0+ r log2/log3 


^ lim sup 

r—>0+ 


p(Bi(x,r) Dtf) 

Jog 2/log 3 1 
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i.e., at p-a.e. point xofff the density of p at x does not exist, which essentially precludes 
obtaining a sharp asymptotic for Ep (Xv, *$) (compare with (13.11) below). However, Corol¬ 
lary [23] provides the two-sided estimate 


ci 


io g xy° g3/log2 


^ Ep(Xv, ( €) ^ C2 


log7V\ log3/log2 


Remark 2.6. The condition in Theorem 12.II that ju(B(x,r)) ^ <f>(r) for every x G iX is 
essential. Indeed, if we consider the set = [0,1] U {2} with p Lebesgue measure, 
then ju(Bi(x,r)) ^ r for x E 5F\ {2}. However, we have P [p(Xv> ^ 1] = 1, and so 
Ep(Xv, SF) ^ 1. The reason that inequality (12.21) fails in this case is that for the point 
r = 2we have ju(Bi(x,r)) = 0 for small values of r. However, Theorem [2J] does apply if 
p = mf oj] + 0 CS 2 , where m[ 0)1 ] is Lebesgue measure on [0,1], 62 is the unit point mass at 
x = 2, and a > 0. In this case we get 

Ep(Xv, 3F) < C(a) ■ 

In fact, repeating the proofs from Sections 1531 and [5761 (with K\ = [0,1]), we obtain 

X 1 4 - a 

lim Ep(Xv, SF) • --- = —-— for any a > 0. 

N->oo ' v ’ ’ log N 2 J 

The above results have immediate consequences for £-nets. Since different definitions 
of an “£-net” occur in the literature, the terminologies that we use are made precise in 
what follows. 


Definition 2.7. A subset A of a metric space (SF, m ) is called an e-net (or e-covering) if, 
for any point y G SF, there exists a point x G A such that m(x.y) X £. Equivalently, A is 
an £-net if p(A, FF) ^ £. 

Definition 2.8. A subset A of a metric space (JT,m) with a positive Borel measure p is 
called a measure e-net if any ball B{y , r) with p(J5(y, r)) ^ £ intersects A. 

We remind the reader that on E> d with p surface area measure J%, the minimal £-net has 
cardinality ce~ d (for the proof see, for example, Lemma 5.2 in |[T 6 ll ). while the minimal 
measure £-net has cardinality ce 1 . 

Corollary 2.9. If <£> and p are as in the first part of Theorem 12.71 then there exists a 
positive constant c 1 such that for any number a there is a positive constant C a for which 

P [Xy is an e-net\ ^ 1 — X~ a , for £ = ci<L 1 ^C a ^ 

Furthermore, if the function <f> is doubling, and the measure p satisfies the condition 
(12.51) . then for any positive number a there exists a positive constant C a such that 

log N 

P[Xv is a measure e-net] ^ 1 — N a , for e = C a — . 

By way of illustration, suppose for simplicity that <f>(r) = Cr d for some positive con¬ 
stant C and £ = [(logA^/TV] 1 ^, which implies thatiV is of the order £ -rf log(l/£). Then, 
from the first part of Corollary 12.91 if we take C\e~ d \og (l/£) random points, we get an 
£-net (£-covering) with high probability. 

The cardinality of an £-covering of a set K C plays an important role in “1-bit com¬ 
pressed sensing”. The estimates for the number m of random vectors { 6j }1 • essential 
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to approximate an unknown signal x £ K from knowledge of m “bits” sign(x. Qj) involve 
finding an £-covering of the set K with \og(N(K, £)) ^ Ce~ 2 w(K), where N(K, e) is the 
cardinality of the covering, and w is the so-called “mean width” of K. As can be seen from 
our results, for many sets K a random set of Ce~ d log( 1 /£) points satisfies this condition 
with high probability. For further discussion, see lfl4ll . [H51 . 

3. Expected Covering Radii for Subsets of Euclidean Space 


In some cases we are able to “glue” upper and lower estimates together to obtain sharp 
asymptotic results. For this purpose we state the following definitions. 


Definition 3.1. Let 5 be a positive integer, s ^d. Suppose K is a compact 5 -dimensional 
set in W l with the Euclidean metric. 

We call K an asymptotically flat s-regular set if for any x E K it holds that 
(3.1) r~ s STifflBflx, r) DA) =1 V s as r —> 0 + , 

where the convergence is uniform in x, and v s is the volume of the 5 -dimensional unit ball 

B s ( 0 , 1 ). 

We call K a quasi-nice s-regular set if 

(i) K is countably 5 -rectifiable; i.e., K is of the form |J7=i fj(Ej)UG, where J^(G) = 
0 and where each fj is a Lipschitz function from a bounded subset Ej of M ,v to 

R d ; 

(ii) There exist positive numbers c, C, ro such that for any x E K and any r < ro the 
5 -regularity condition holds: cr s f JffflBflx, r)C\K) f Cr s ; 

(iii) There is a finite set T C K such that for any r < ro and y E K \ [f^jBflxt, r) it 
holds that ^(Bfly. r) (T K) ^ v s r\ 


We remark that the appearance of the constant v s in the above definitions is quite nat¬ 
ural. Indeed, if K is a countably 5 -rectifiable compact set and 0 < < °o, then for 

J^-almost every point x E K the following holds: r~ s JfflBflx, r)C\K) —> v s as r —> 0 + . 
For the details see the Theorem 17.6 in lfl2l or Theorem 3.33 in f 8 ]. Thus, if any uniform 
limit in (13.11) exists, then it must equal D s . 

For asymptotically flat 5 -regular and quasi-nice 5 -regular sets we deduce the following 
precise asymptotics for the expected covering radius as well as its moments. 


Theorem 3.2. Suppose K c R d is an asymptotically flat s-regular or a quasi-nice s- 
regular set for integer s ^ d. Then for A/v = {xi,... ,x/v} a set of N independently and 
randomly distributed points over K with respect to the measure dp ■ dJif/ JtfflK), 

and any p > 1 , 


(3.2) 


lim E [p(X N ,K)P] ■ 

V—^°° 


N 


p/s 


log A 


^f s {K) y /s 


Important examples of asymptotically flat 5 -regular sets are given in the following re¬ 
sult, which includes the verification of the conjecture of Brauchart et al. in @] for the 
expected covering radius of randomly distributed points on the unit sphere. 


Corollary 3.3. Suppose K is a closed C' L1 ^ s-dimensional embedded submanifold ofW d ; 
i.e., 0 < M J S ( K ) < oo and, for any embedding (p, all its first partial derivatives exist and 
are uniformly Lipschitz. Then K is an asymptotically flat s-regular manifold, and thus 
for N points independently and randomly distributed over K with respect to dp — t^- 
d Jtf/J4f s (K), equation (13.21) holds. 
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In particular, if K — S d is a unit sphere in W l h 1 and p > 1, then 


(3.3) lim E[p(X N ,§> d ) p }- 

N^-oo 

Thus (11.11) holds. 


n y /d f(d+i)v d+l y /d 


log TV 


Vd 




= 2 y/n- 



Zn '■= p(XN,E> d 


As a consequence of the corollary, we shall deduce in Section 5 the result of Maehara 
mentioned in the Introduction. 

Corollary 3.4 (Maehara iflTTO . Suppose A,v = {x\,... ,x,v} is a set of N points, inde¬ 
pendently and randomly distributed over the unit sphere E> d with respect to d/i = l s ,/ • 
de^//^(S rf )) and set 

v d N \ 1/d 
(d+ l)v d+i log NJ 
Then Zy converges in probability to 1 as N —>■ i.e., for each e > 0, 

(3.4) lim P(|Zjy — 11 > e) = 0. 

N— 

Remark 3.5. We remark that our results for E> d do not directly follow from (13.41) . Mae- 
hara’s result implies that the bounded sequence 

PN[t ) := P(Za? ^ t) —>■ 1 [o.i] (0 for a.e. t > 0; 

however, since the range of t is [0,°°), the constant function 1 is not integrable, and we 
cannot apply the Lebesgue dominated convergence theorem to get EZ,v = jf p,v (/)<:// —> 1. 

The next corollary gives an example of a quasi-nice 1-regular set. 

Corollary 3.6. Suppose y is a rectifiable curve in R d (i.e., 0 < M\ (y) < °° and y is a 
continuous injection of a closed interval of R). If A,v denotes a set ofN points indepen¬ 
dently and randomly distributed over y with respect to d/i := ly &M[/ then y is 
a quasi-nice 1-regular set, and for any p^l 


(3.5) 


N 


lim E [p(X N ,y) p ] 


n ] p _ ( ^j(y) V 

LlogivJ 1 2 j 


Next we deal with the following problem: suppose A C W 1 is a J-dimensional set, but 
the condition 

J#d(AnB d (x,r)) ^ V d r d 

fails for a certain number of points x G A and the limit (13.11) in the Definition 13.11 is not 
uniform. Such situations arise for sets with boundary, which include the unit ball B d ( 0,1) 
and the unit cube [0, l] rf . The case of the ball is included in the next theorem, while the 
case of the cube is studied in the Theorem 13.91 

Theorem 3.7. Let d f 2 and K C W 1 a set that satisfies the following conditions. 

(i) K is compact and 0 < J^f d {K) < 

(ii) K = clos(A'o), where Kq is an open set in W 1 with dKo = c)K; 

(iii) The boundary c)K of K is a C 2 smooth id — 1)-dimensional embedded submani¬ 
fold of R d . 
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Let Xn — {ai ■.... x ,\’} be a set ofN points, independently and randomly distributed over 
K with respect to dp — Ik- dJ%/ J%(K). Then for any pfz 1 

(3.6) limE [p(X N ,K) p ]- 

A/—o 

In particular, for the unit ball, 

(3.7) lim E[p(36v,5j(0, l)) p ] • 

(V—O 

Remark 3.8. We see that in the case d — 2 we have 2(d — \)/d = 1, and so the constant 
on the right-hand side of (13.61) coincides with the constant for smooth closed manifolds, 
see (13.21) . However, when d > 2 we have 2{d—\)/d>\\ thus this constant becomes 
bigger than for smooth closed manifolds. 


N y /d _ L2(d-\)\ p/d 
log N _ V d ) 


N 


log N 




2(d-i) j%(k) y /u 

d v d ) 


The next two propositions deal with cases when the boundary of the set is not smooth. 
For simplicity, we formulate them for a cube [0, l] rf and a polyhedron in M 3 . However, 
the proof can be applied to other examples, such as cylinders. 


Proposition 3.9. Suppose d ^ 2 and [0, l] rf is the d-dimensional unit cube. Let dp — 
1[0 yd ■ d LX? d . If Xv = {x\ ,... ,xn} is a set ofN points, independently and randomly dis¬ 
tributed over [0, l] rf with respect to p, then for any p ^ 1 


(3.8) 


lim E[p(36v, [0, l\) p ] ■ 

Jy—^oo 


N 


logN 


p/d 


id-l\ P/ d 


d v d 




Proposition 3.10. Suppose P is a polyhedron in R 3 of volume V (P). Let X,\i = {vi,..., v,v} 
be a set ofN points, independently and randomly distributed over P with respect to dp — 
Ip • ddtfs/V (P). If 0 is the smallest angle at which two faces of P intersect, then for any 

p ^ 1 


(3.9) limE \p(X N ,P) p \ 

A'—>• oo 


N 


logN 


p/3 


f2nV(P )\ p/3 
V 30 u 3 ) 



if 9< 


K. 

2 ’ 


(3.10) 


lim E [p(X N ,P) p ] 
N —>oo 


N 


p/3 


log AC 



if 9 > §. 


In the theorems up to now we dealt with measures p on sets 3£ satisfying for all x 6 SX 
the condition cP f p (B(x. r) D SE) f CP (i.e., the regularity function T> was the same for 
all points of JfT); only the values of best constants c,C differed for points x deep inside 
SP from those near the boundary. We now give an example of a measure for which the 
regularity function parameter 5 depends upon the distance to the boundary. 


Proposition 3.11. Consider the interval [—1,1] and the measure dp — —y==y?- LetX # — 

{a'i ..... x,y} be a set ofN points, independently and randomly distributed over [—1,1] 
with respect to p. Define 

p(X N , [0, 1]) := sup inf |y — x/|, p(X N , [0, 1]) := sup inf|y-A: 7 -|. 


(i) If a — 2, then there exist positive constants c i and C 2 such that 


(3.11) 
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(ii) If 0 < a <2, then there exist positive constants c\ and C 2 such that 
(3.12) 


c > logW < E p(x„,[0,i]K C2logW 


j\d+§ ’ ’ ^yt+§ 

(iii) For any a > 0 there exist positive constants c\ and C 2 such that 


(3.13) 


CllOg ^Ep(X„,[0,l]K C2lOgW 


N 


N 


Observe that if we stay away from the endpoints ±1, the measure p acts as the Lebesgue 
measure, and thus the order of the expectation of the covering radius is (logiV) /N. How¬ 
ever, when we are close to the points ±1 (where “close” depends on N), the measure 
p acts somewhat like the Hausdorff measure J%\/ 2 , and we get a different order for the 
covering radius. 


4. An auxiliary function 

The proofs of the results stated in Sections [2] and [3] rely heavily on the properties of the 
following function. For three positive numbers N, n,m, with m and N being integers and 
m set 

(4.D / Wn , m): =E(-i)-f)(iA) K 

The useful fact about the function f(N,n : m ) is the following. 

Lemma 4.1. Suppose Ay = {x\.... ,vy} is a set ofN points independently and randomly 
distributed on a set :ff with respect to a Borel probability measure p. Let B\..... B m be 
disjoint subsets of , 9 f each of p-measure l/n. Then 

(4.2) ¥(3k:B k nX N = (d) =f{N,n,m). 

Proof. We use well-known formula that, for any m events Aj,..., A m , 

( m \ m 

UA =E(-i) l+l E V(A h nA h n-nA k ), 

k= 1 / k= 1 U\,-dk) 

where the integers j i,..., j k are distinct. 

Let the event A, occur if the set If does not intersect X,y. Then for any k-tuple (j\,.... jf) 
the event Aj x D • • • L\A Jk occurs if the points x\,.... v,y are in the complement of the union 
Bj x U • • • U Bj k ; i.e., xi,...,xp are in a set of measure 1 —k/n. We see that for any k-tuple 
the probability of this event is equal to (1 — k/n) N . Moreover, there are exactly ("') such 
/(-tuples. Therefore, 

E P(A A n-nA A ) = 

and (14.21) follows from (14.31) . 

□ 

For the lower bounds in Theorems 12.21 and 13 .21 we will need the following estimate on 
the function f(N,n , m ). 
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Lemma 4.2. For any three numbers 0 < m f n f N, such that m and N are integers, 
(4.4) 


f(N,n,m ) > 1 


1-1 


1 


N' 


N 


m(m — 1 ) / 1 \ 

2 V 1 n) 


2{N—1) 




N-i 


m—2 


Proof. Notice first that for k f 1 and 0 ^ jc ^ 1 we have 


1 — kx ^ (1 — x) k ^ 1 — kx + 


k(k- 1 ) 


Thus, for v = 1 /n, we get 


1 - 


k(k- 1 ) 1 
2 n 2 


c-di- 


Suppose (1 — 4)* ^ k ^ k 2 ^ dj. Using the inequality 

a N — (a — b) N — b ■ ( a N ~ l + (a — b)a N ~ 2 H- 1 - (a — b) N ~ l ) -b ■ a N ~ x , if a > b > 0 , 

we get 


(4.5) 




iy k(k- 1 ) 1 

kN 


N 


2 n 2 

n J 2 n z 


X \KN- 1 ) 

n) 


Suppose now that (1 — i)* < ^ 4^ 

kN 


. Then 


l\ wv fc(ifc-l) 1 

i-- 

n J 2 n~ 


x x yfc(A^-l) / x \k(N- 1) 


n J 


n J 


1-- 1 —N 
n 


k(k- 1 ) 1 
2 n 2 


< 0 , 


so as in inequality (14.51) for k ^n, 

N / , \ kN 


1 


also holds. Therefore, 


n J 2 n z 



k even, k^m 

i\k(N-l) 



{ \k(N- 1 ) 
n) 


N 

1-4 ] ^ 
n 


n J 


I 


k even 



m 

k 


kN 


1 --) > 
nj 


N_ y 

n 2 ^ 
n k =o 


m\ k{k— 1 ) 
k 


X \k(N- 1) 

n) 


The first sum in (14.61) is equal to 1 — (1 — (1 — To calculate the second sum we 

notice that 

i= U«i +xry = l f m ) ■ MTTU. 

2 2 /t=0 
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Thus, for x — (1 


1 \N -1 


we get 


E 

k=0 


m\ k[k— 1) 
k) 2 


1 \ k ^ N ^ m(m — 1) 
n) 2 


2(1V-1) 

n) 


1 + 1 - 


1 


N-V 


m—1 


Combining the above estimates we obtain (14.41) . □ 

With the help of (14.41) we can deduce some asymptotic properties of f(N,n, m) as N —> 


Lemma 4.3. Let N be a positive integer and n,m be numbers satisfying 1 ^ m f n f N. 
Further, let K n denote constants depending on n such that 0 < c \ f K n f C 2 for all n. 

(i) Ifm = \jc n n\ and C 2 f 1, then there exists a number a such that for n— N 

we have f(N, n,m) —* 1 as N —* 


log IV— a log log IV 


(ii) If d > 1 and m = 


_ N _ 

—j— log IV— cc log logIV 


d -1 


, then there exists a number a such that for n — 


we have f(N,n, m) —* 1 as N —* 


(hi) If d 1 and m — 


N 


K n nd 


, then there exists a number a such that for n = 


we have f(N,n, m ) —> 1 as N —> 


^logN —aloglogiv 

Proof We prove only part (i) since the proofs of the second and third parts are similar. 

In what follows, to simplify the displays, we omit the symbol for the integer part. If ap 
and bn are two sequences of positive numbers, we write a,\j ~ b,\i to mean a,v/h,v —> 1 as 
N —> 

For our choice of n in part (i) we have 

N / /l - - »7\a 


1 


Thus, 


1 - 1 - 




1 - 


1 - 


■ exp — 


N 


(log NY 
N 


Kn N 


(log N) a \ \ogN—a\og\ogN 

N~ 


• exp 


K„(logA^) a \ 


log N — a log log N J 


If a > 1, then the last expression tends to zero. Moreover, 


N m(m— 1) 

n - o 


t \ 2(JV 1) 

n) 


l+( 1 -- 

n 


N-V 


*n (log AA) 


2 a 


2 N 
^ (logN) 2a 


1 + ■ 


m—2 


K n N 


(logiV)«A logN— a log log TV 

JT 


•exp^logAO 0 ^ 1 ). 


2 N 

For a = 3/2 (actually, any 0 < a <2 will work) the last expression is comparable to 


(logAQ- 

N 


exp(fc„(logA^)2), 


which tends to zero as N tends to infinity. Thus from (14.41) we deduce that liminfiv^.oo/(A^, n, m) ^ 1. 
However, since f(N,n,m) is equal to a certain probability, we have that f(N,n,m ) ^ 1, 
and so \im^ 00 f(N 1 n,m) = 1. □ 
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5. Proofs 

5.1. Preliminary objects. Fix a compact set Si o with a metric m. For any large positive 
number n let S n (^o) be a maximal set of points such that for any y,z E <S n we have 
m(y,z ) ^ l/n. Then for any i6lo there exists a point y e <S n such that m{x,y) ^ l/n 
(otherwise we can add x to S n , which contradicts its maximality). In what follows we will 
clearly indicate the set Si o, and then just write S„. 


5.2. Proof of the Theorem 12.11 Recall that (SS ,m) is a metric space, and B(x. r) denotes 
a closed ball (in the metric m) with center x e Si' and radius r. Put rf/v := Sn ( StS ) and 
note that 

(5.1) »(&)> ^card(^)d>(l/(3 n)). 

XElS’n ' ' 2 / 

Suppose now that — {jq,..., va?} is a set of ./V random points, independently distributed 
over SS with respect to the measure /i. We denote its covering radius by 


P(X N ) :=p{X N ,X). 

Suppose p(Xff) > |. Then there exists a point y e StS such that Xm P\B (y. |) = 0. Choose 
a point x E (S n such that m(x,y ) < Then B(x B (y, ^), and so the ball B(x,jj) (and 
thus B(x, -S )) does not intersect Xjy. Therefore, 

(5.2) P (p(X N ) > ^ <P(3xe^„: B(x, l/(3n)) HX N = 0) 

/ <j>( -L) \ ^ 

<card(<f„)- . 


We now choose n to be such that gb = <f> 1 ( g ( /f N ). There exists such an n since <f> is 
continuous and T>(r) —> 0 as r —> 0 + . Then utilizing the upper bound for card(r£„) from 
(ED , we deduce that for some C > 0 we have 


P 


p(X N ) S - 
n 


CC 


N 


logN 


•AT 


-Ca 


which concludes the proof of the estimate (12.11) . 

To establish the estimate (12.21) . notice that since for small values of r we have <F(r) ^ r a , 
it follows that for small r and D — ^ we have <I> _1 (r) ^ r°. Choose a so large that 
N l ~ Ca = o(N~ d ) asN^oo. Then 


E p(X N ) < - +Cdiam(^T) • o(N~ D ) = + o(N~ D ). 

n N 

Finally, since T> -1 ( al ° giV ) ^ d> _1 (A^ _1 ) ^ N~°, inequality (12.21) follows. □ 


5.3. Proof of the Theorem 12.21 Let S n := <S n ( Si \), where Si\ is as in the hypothesis. 
Notice that 


0</i(^i)^ ^ P ( ~) ) ^ card(<f„)<£> 

X eSr, ' n ’ Xn 


(5.3) 
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An estimate as in (15.11) together with the doubling property of <t> imply that 


p (<$£") ^ c-card((f„)d> 



^ c- card(<f„)d> 



Thus, z n := card(^„) -T>(l/n) satisfies 0 < c\ < z n < C 2 for some constants c\ and C 2 inde¬ 
pendent of n. Clearly if a ball B(x. does not intersect Xu, then p(X N ) = p(X N , 3£) ^ 
y. Thus 

P (Wiv) ^ ^ ^ P(3x e <£,: B(x, l/(3/i)) DXiv - 0). 

Notice that the balls Z?(jc, T-) are disjoint for x e S J n , and their p -measure is comparable to 
t := <£(-). 

Next we claim that for every a; e <g n there exists a constant c x 1 such that the balls 
5 (jc,c x ^) have the same measure cod>(^) = cot, and moreover that the uniform estimate 
c x > c > 0 holds for some constant c. To see this, take two points xi,X 2 G 3E\ and assume 
that the balls B{ B{xi,r), i = 1,2 are disjoint. Suppose p(B\) < p^Bi). Define the 
function (p(s) p(B(x 2 ,s- r)). The strict doubling property of <£> implies 

cT>(r) > c-C\<$>(r/2 k ). 

Choose k such that c C\^ 1. Then 

p(Bi)^^r/2 k )^q>(2~ k ). 


Thus, (p (2 k ) ^ i) < p(B 2 ) — <p( 1)- By continuity of (p we see that there exists a 
constant c Xl such that p(B(x 2 ,c Xo r)) = p(B(xi,r)). Notice that c Xo ^ 2~ k co, where k 
depends only on the constants c,Ci from Theorem 12.21 and not on _v|. _V 2 , or r. Applying 
this procedure to all balls B(x, 1 /(3m)), x G S n , and using the fact that card(<#„) = z n /t, we 
obtain 


p(p(a)?|r>( ( )) ^ IP (one of y disjoint balls of measure c$t is disjoint from X^) 


(5.4) 


= f(N,-k^) =m ± ,*L), 

Cgt t C()t Cot 


where K n := coZ n and / is given in (14.11) . If necessary, we can decrease the size of co so 
that K n ^ 1 for n large. As we have seen in Lemma l4~3t i). there exists a number a such 
that if 

1 _ N 
cot log A —a log log A’ 

then /(A, yy yj) —> 1 as A —> Thus, for any sufficiently large number A we have 


r(p«d > y*A log ^° glogW )) > N ^, 

which is the desired inequality (12.31) . 

Moreover, for large values of A we have log A — a log log A ^ 4 log A; thus 

E 

which proves inequality (12.41) . □ 
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5.4. Estimates from above for asymptotically flat sets. Let K be an asymptotically flat 
5-regular subset of W 1 and put 

p(X N ) = p(X N ,K), e N := 

In order to deduce sharp asymptotic results we first improve our estimates from above by 
considering a better net of points. For each A > 4 let $ n / EN &ji/£ N (K). From estimates 
similar to (15.11) and (15.31) we see that card(<f„) is comparable to {n/e^) s independently of 
A. 

Suppose p (Xn) > Then, since K is compact, for some y e A we have Bj(y, DX^ = 
0, and thus there exists a point x G £ n jz N such that Ba(x, 1 ~ £|V ) flXjv = 0. We fix a number 
<5, 0 < 8 < 1 , and take n so large that 

x, (n A > (l - g)t., (1 ~f v) ' > (1 - 


As in (15.21) . 




(5.5) 


Fix a number A > 0 and choose 


N 


n\ := 


(1 — 5)u, 


N 


J%{K) log A+A log log A J 
Then with n — n\ in (15.51) we get for all A large, 


\ 


(5.6) 


P ^p(X N ) > —j ^C-A(logA)*'^-(l-Viog^OogAf+AlogloglV). 


Recall that C does not depend on A. Thus if A and A are sufficiently large, it follows that 
(5.7) 


P [p(X N )>-)€ 1 


n\ J logA 


N 


Furthermore, if we plug n = m\= . BlogN 
(5.8) 


\/s 


in (15.51) we get for sufficiently large B 


With dp = l K dJ%/J%{K), we make use of the formula 


(5.9) 


E[p(X,v) p ] = / p(X N ) p dn(xi)...dn(xN)= [ p(X N ) p dp(xi)...dp(x N )+ 

Jk n J 


p{x n )< i/m 


p(X N ) p dp(xi).. .dp(jcjv) + 


p (X N ) p dp (xi )... dp (x N ) ^ 


\/n\<p(X N )^\/n 2 


P(Av)>1/«2 


lp+^p-F (p(X N ) > — ) + (dian^A)) 7 ’• P fp(Xjv) > — 
n\ < V n U \ n 2 
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From (15.71) . (15.81) . and the definitions of n\ and n. 2 , we obtain 
(5.10) 


np(x N ) p ] < ( 


pogiy-MloglogW A* ( J%(K) y /s (1 s) -p /s+c 


N 


\ Vs J 


log N\ 


p/s 


1 


N J logA 
+ CN~ p/s ~ l . 


Therefore, for any 8 with 0 < 8 < 1, 

,i„supE[p( X „ F ] ■ ( i ^)" A < (I-*)-'/' - (^) 


p/s 


and consequently 
(5.11) 




□ 


5.5. Estimate from above for quasi-nice sets. Let K be a quasi-nice s-regular subset 
of and again set £# := l/logA and & n / EN := & n / EN {K), where n/e^ —» °° as N —> 
Since the set T from part (iii) of Definition l3.1l is finite, the regularity condition (ii) implies 

J%(\j Bdixs^j < C-card(T) • r s = C\r s , 0 < r < ro- 

Suppose y h ...,y k e g n/EN fl [J xfzT B d (x. ^ K ). Then the balls B d (yj, §&) are disjoint and 
Bd(y/,yk) C \JxeT B d(x,^r-) for j = 1 The chain of inequalities 


Ci 


1 + £/v 


B d {x, 


1 + £jv n 


\XizT 


7=1 




3/7' 


. £ag 


implies that k ^ C 2 /£;(,, and C 2 does not depend on IV. Further, if y e £ n /e N \\JxeT B d(x, ^p-), 


l-£jy 


then (#</(>’, —^)J > V 

As we have seen in (15.51) . P(p(X)v) > 1/n) is bounded from above by the probabil¬ 
ity that for some y G <§ n j EN we have /!,/ (y. ) fl X,v = 0. Taking into account that 


card(ff„/ eA ,) ^ C^n/e^y, we obtain 

P ^p(Xyv) > ^ P ^one of ^ p- balls of measure ^ ^ is disjoint from or 


a, ; (l-£jv) J 


one of ^ C 3 ( ^ j balls of measure ^ n 


is disjoint from ). 


This last probability is bounded from above by 

(l- 


t 7V 


n s J 


\£n 


1 U,(l-£iv) J 


J%{K) 


N 


As in the preceding proof, if 


n\ = 


17v 


_ 1 _j 

.X:JK\ log /V A log I (.1! ■V J 


l/s 
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then, for N large, 


C 4 


S'- 


1 u 5 (l-e^v) J 


J%(K) 


N 


< 


C 5 

\ogN 


Furthermore notice that if Q is sufficiently large, then 


C 2 


C N 


1 - 


Cl 


IV 


^C 6 (logA^)'W' C2 , N-^oo. 


Repeating estimates (15.91) and (15.101) . we obtain 


(5.12) 


limsu 

N —^°° 




□ 

Note that (15.121) holds whether or not K is countably s-rectifiahlc; it requires only that 
properties (ii) and (iii) of Definition 13.11 hold. 


5.6. Estimate from below for quasi-nice sets. For the proof of Theorem 13.21 it remains 
in view of inequalities (15.111) and (15.121) . to establish 


(5.13) 


liminfE[p (20v) p ] 
N —^°° 


N \ p/ \ (J%(K)\ p/ ‘ 
fogNj ^ V v s ) 


for asymptotically flat and quasi-nice .v-dimcntional manifolds K. Since by the Holder 
inequality we have 


liminfEfp (X^) p ] 
N— 


- N y/s 

logivj ^ 


liminfEp (Nn) 
N —^°° 



P 


it is enough to prove (15.131) for p — 1. If K is quasi-nice, then K is countably s-rectifiable 
(s is an integer) and 0 < ( K ) < °o; thus as previously remarked, the following holds for 
^-almost every point x E K: 


r s ■ J%(B d (x,r)nK) -E V s , r-i>0 + . 

/. oNl/s 

Fix a number 8 with 0 < 8 < 1 and define r n 1 jn and q n j • 1 /n, where {n} 

is a given countable sequence tending to infinity. By Egoroff’s theorem, there exists a set 
K\ — K\(8) C K with > jJ4? s (K) on which the above limit is uniform for radii r 

equal to r n and q n . That is, 


(5.14) r s J%(B d (x,r)r\K)^V s , r = r n or r = q n , n -»■ °°. 

This means that there exists a large number n(8), such that for any n > n(8) we have, for 
every x E K\, 

(5.15) (1 - 8)vy„ ^ J%(B d (x,r n ) (IK) < (1+S)vy„, 

(5.16) (1 - 8)v s q s n < J%(B d (x,q n ) HK)^(l + 8)v s q s n = (1 - 8)v s r s n . 

Recalling the notation of Section [5Tl we set <§ n / 2 := ^/ 2 (^i )• Then, as in the preceding 
sections, there exist positive constants c\ and c 2 (independent of n) such that c\n s ^ 
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card(< 9 „/ 2 ) ^ ° 2 n s where, for the lower bound, we use 


1J {B d {x,2/n)nK)\^C-CK&{g n/2 ){2/n) s . 

\xeS J n j 2 ) 

Thus, z n := card(^j / / 2 )/ n ' ? satisfies 0 < c\ ^ T n ^ c 2 . Clearly, if for some .r 6 <^„/ 2 the ball 
B ( i(x, i) is disjoint from .Xjv, then p(X^) ^ Thus, for a given 5 > 0 and sufficiently 
large n we have a family { B d (x , 1/n) (TA - : jc G <^n /2 (iCi)} of z n n s balls (relative to A') with 
disjoint interiors of radius 1/n and ^-measure between (1 — 8)v s /n s and (1 + 8)v s /n s . 
For a fixed jc G £ n ji{K\), define <p(s) :— J%(B(x,s/n) (IK). Then 9 ( 1 ) ^ (1 — 8)v s /n s . 
On the other hand, inequalities (15.161) imply 


<P 


1-8 

1 + 8 




+ (l-5)t),/nT 


Thus, there is a number c x — c XM , with c x + (j+f ) 1//,s > such that <p(c x ) = (1 — 8)v s /n s . 
That is, there exists a new family {B^x.Cx/n) D K: x £ <K n / 2 (^ 1 )}, with c x + 
and the sets Bd{x,c x /n) (IK all have the same M J S measure, namely (1 — 8)v s /n s . 

As in (15.41) . it follows that 


(5.17) 


P P(X N ) + 


1-8 
1 + 5 


l/s 


>f[N, 


J%(K)n s 

(1-5)1), 


, Zntl 


, , „ J%(Ky „ je,(K)n° 

— 7 l * 5 ' - -' 


[l-8)v s ' " ( 1 - 5 ) 1 ), 


where 


It is easily seen that 


K n .— Zn' 


;i-5)d, 

J%(K) 


J%(K) + z n n s • (1 S ^ Vs = J%(K)rc n ; 


thus K„ ^ 1. Part (i) of Lemma 14 .3 1 therefore implies that the sequence in (15.171) tends to 
1 as N —> 00 if (for suitable a) we have 


1 — 5)t), log A—a log log A 


which is equivalent to 
(5.18) 


n : — 


l-5)t). 


A 


A 


J%(K) log A —a log log A 


l/s 


We take A so large that n exceeds w(5), which ensures that the inequalities (15. 1 51) — (15. 1 61) 
hold. From (15.171) we obtain 


Ep (A/v) + 


1-5 

1+5 


l/s 


1 f( N ++K 

n J \ ’(1 ~S)V, 


j T+ 
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Using the definition of n in (15.181) . we get 


(5.19) Ep{X N )- 


N 


log N 


V* 




N 

l/s fi-8\ l/s r 

log N 



J^ S (K) log N — a log log N 


_(l-5)u s 


N 


l/s 


f[N, 


J%(K)n s 


and passing to the liminf as N —* °° yields 

/ N \ l/s 

liminfEp(X,v) 

N-- 


' ' v logivJ 


> 


1 + 6 


(1 — 8)v s 

1/s r j%(Ky l/s 


, T n n 




Recalling that 8 can be taken arbitrarily small, we obtain (15.131) for quasi-nice sets. For 
asymptotically flat sets the same (but even simpler) argument applies. □ 


5.7. Proof of Corollary 13.41 Recall that 


Z N 


P (x N y) 


Vd 


(d + l)ttrf+i 


N \ 1/rf 


Corollary [33] implies that EZ/v —> 1 and E[Z^] —>■ 1; thus E[(Z# — l) 2 ] = E[Z^] — 2EZ^ + 
1 —* 0. The Chebyshev inequality then implies 


P(|Z^v - 1| > e) ^ 


E[(Zjv — l) 2 ] 
£ 2 


—)■ 0 , 


which completes the proof. 


□ 


5.8. Proof of the Corollaries 13.31 and 13.61 It is well known that a closed C*- 1,1 ) manifold 
is an asymptotically flat set, and a rectifiable curve is a quasi-nice 1-dimensional set. For 
the first fact, we refer the reader to a textbook on Riemannian geometry, for instance, [[61 
Chapters 5-10]. The second fact can be deduced from [HI Section 3.2]. 


5.9. Proof of the Theorem 13.71 : estimate from above. The proof of the theorem is 
similar to the proof for asymptotically flat sets. However, we need to take into account 
that the limit (13.1b is not equal to v d for points on the boundary. We use properties (ii) 
and (iii) of K to obtain 

(5.20) r^ d J^ d (B d (x,r) PiK) =1 r ->■ 0, xedK; 

(5.21) v G K, dist(jc, dK) > r jZ d (B d (x 1 r) (IK) — Jtf d (B d (x : r)) = t ) d r d ; 

(5.22) V5 > 0 3r(6) >0: Vr < r(8),\/x E K : J / Z d (B d (x,r)nK) ^ (- — 8)v d r d . 

For the details, we refer the reader to Lee, lITOL Chapter 5] For large N, set ^n/e N '■ 
$ n / e n (K) and £^ l/\ogN, where n(N) is a sequence such that n x (N/\ogN ) l ^ d . We 

now fix a number 8 with 0 < 8 < 1/2. Notice that if x e <§ n j eN and dist(x, dK) > (1 — 
£#)/«, then 

Mk(B d (x, (1 - e N ) /n) n K) = v d ((1 - £ N )/n ) d ; 
if x E S n /e N an d dist(jc, dK) + (1 — £^)/n then, for large enough n, 

J%(B d (x,( 1 - e N )/n) nK)^(~8)v d ((l- e N )/n) d . 
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On considering disjoint balls (relative to K ) of radius £,v/ (3 n) and using that 


dist(jc, dK) < (1 - -e N )/n}) < C\/n, 


we deduce, as in (15.11) . that 

card |jc E £ n /£ N '■ dist(x, dK) ^ 
Therefore, for large enough n, we get 


1 — £n 


<C 2 - 


„d-1 


°N 


(5.23) P I p (X N ) > 


^ ^ P ^3* e S n/eN : B d (x, 


1 — £n 


dk nx N = <d ^ 




Vd 


Repeating the estimates (15.7b — (15.1 II) with 

\l/2-8)v d 


N 


^d(K) 

1 Id 


1 — £n 


N 


n i := 


'tfd(K) C-ilog/V + Aloglog/V 


and 


( N \ 1/d 
Hl Ulog^V ) ’ 

where A and B are sufficiently large, we obtain, after letting 8 —> 0 + , the estimate 


limsupEfp ( Xn) p 

(V— y°° 


( N \ Pld < ( 2{d-l) _ p/d 

viog^vy ^ v d v d J 


□ 


5.10. Proof of the Theorem 13.71 estimate from below. We repeat the proof from the 
Section 15.61 but now we will place our net S’ only on the boundary dK. Namely, put 
C /2 ; — S n ji{dK). Since dK is a smooth d— 1-dimensional submanifold, we see that 
card(<f n/ / 2 ) — 'C n n d ~ l with 0 < c\ < T n < c 2 . Moreover, from (15.201) we obtain as in (15.141) 
that 

r~ d J^ d (B d (x, 1/n) fl K)=i -V d /n d , r = r n or r = q n , ft 
uniformly for x E C/2- 

The remainder of the proof just involves repeating the estimates (15. 17b — (15.19b . using 
part (ii) of Lemma 1431 □ 

5.11. Estimate from above for the cube [0, \} d . The proof is similar to the case of the 
bodies with smooth boundary. The only change we need to make is to the formula (15.201) . 
Namely, if a point x lies on a (d — k )-dimensional edge of the cube, then J^ d (B d (x, r) D 
[0, l] d ) x 2~ k v d r d . Moreover, J%(B d (x, r ) D [0, l] rf ) = 2~ k v d r d for points x on the (d — 
k )-dimensional edge that are at distance larger than r from all (d — k — 1 )-dimensional 
edges. Thus, if we consider a set C/e w C/e^dA l] d )> we have for any k = 0,... ,d 
at most Ckti d ~ k /e^ points * E S’h/en with j4? d (B d (x, (1 — £#)/«) D [0, l] rf ) ^ 2~ k v d ((l — 
£/v) /n) d . In particular, if k — d we have only finitely many such points x E <$ n / eN \ and 
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if k — d — 1, we have no more than Cn/eft such points. We now repeat the estimates 
(15.71) — (15.lib and (15.231) with 

n\ := - N - _V" 

1 V logiV+AloglogiVy 

□ 


5.12. Estimate from below for the cube [0, l] rf . The proof is almost identical to the 

proof in the Section [5. 101 the only difference is that now we take <o n / 2 := S n / 2 {V), where 
L is a 1-dimensional edge of the cube [0,1] . To complete the analysis we appeal to part 
(in) of Lemma l4.3l □ 

5.13. Estimates for a polyhedron in R 3 . The estimates here are the same as for the unit 
cube [0, l] rf . The only difference is that, for points x e L, where L is the edge where two 
faces intersect at angle 0, we have, if x is far enough from the vertices of P: 

J^ 3 (B(x,r)nP) = ^--V 3 -r 3 . 

in 

Consequently, for k — 0,1,2,3 we have at most a^n 3 ^/e 3 N points jc e S n /E N {P) with 
J4? 3 (B 3 (x, (1 — £#)/«) n P) ^ C£l> 3 ((l — £n)/h) 3 , where ao = 1, a\ = 1/2, and a 2 — 
9 /(2n). In the case 0 ^ n/2, one needs to choose 

20 N 

V(P) ' \ogN+A\og\ogN 
and in the case 9 ^ n/ 2, one needs to choose 

n N \ 1//3 

V(P) ' logN+AloglogNj 
For the estimate from above, consider <f> n / 2 (L) and repeat the estimates for the cube. □ 

5.14. Estimates for d/i = -^=y. We remind the reader that p(X^) — p(X #, [0,1]) = 

sup^^j|_^ 11 inf, |_y — Xj\, where xj, j — 1..... W are randomly and independently dis¬ 

tributed over [0,1] with respect to p. 





5.14.1. Casea — 2. Suppose that an interval I a := [1 —-p-,1] is disjoint from X^ for some 
a > 1. Then we get 

We notice that if a < C\ log 2 (iV), and N is sufficiently large, then 


Therefore, if a is some number greater than 1, 


y/a 
N ' 


P p > 




N 2 


N 


c 2 ^ >c. 


Consequently, 


Ep ^ 


Q 

N 2 ’ 


where C 4 = C 3 (a — 1). 
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For the estimate from above, notice that ^ \fcc/(V^ kN). Assuming p(Av) ^ jw, 
we get that the distance from 1 to any xj exceeds a/N 2 , and thus the interval [1 — 1] 

is disjoint from Xpf . The probability of this event is less than 


i_c 5 AF|%<r c ^. 


N J 


Thus, for any a, 1 < a < N 2 , it follows that 

In particular, for sufficiently large Q we have 


P [P(X N )> 


C 6 log 2 (iV) 

N 2 


-3 


Therefore, 


l c 6 log 2 (n) 


(Xn) A ^7 + 52 


a=\ 


CC -hi 

N 2 


A N 


,-CsVa 


+ N~ 


It is easy to see that the latter expression is bounded by Cj/N 2 , which completes the proof 
for this case. 

5.14.2. Case 0 < a < 2. We again notice that, if a is a number and I — [a,a + £] C 
[1 — -^ 7 , 1 ] is an interval of length £, then 


a+e 


pOO = 


dt 


7TV1 


A 


1 


7T VT 




1 


a- 


K 




C|£/V\ 


Now consider n intervals of length (and thus having p-measure p greater than -^V) 


nN- 


inside [1 — ^,1]. As we have seen before, if p(Av) > , then for some y 6 [1-^,1] 

the interval of length centered at y is disjoint from A,.y; thus one of the fixed intervals 
of length -tL is disjoint from X N . Consequently, 


P p(Av)^ 


nN a 


Anil 


Ci 

nN‘i 


N 


With 


where A large enough, we get 


N 


1-2 
1 o 


n \— 


A log A’ 


P|P(%)) 




A n 1 


Ci 


iv 


A AT 


Therefore, 


Ep AC^+r 3 , 
A 1+ 5 


which finishes the estimate from above. 
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For the estimate from below we notice that if 7 = [a,a + e] C [1 — 1 — ^L], then 


li(I)^C 2 


<C 2 - 


1 


- * 2 N a ) 


1 \2 N? 


Take n intervals in [1 — ^, 1 — ^a] of length comparable to and having equal p- 
measures Or—4r (notice that if we are allowed to take such intervals near 1, then the best 

nNT. 

measure we can get is ~j= )- If one of them is disjoint from X^, then p (X^) ^ Thus, 


r\P(Xn) 

It is easy to see that if we take 




C 4 

nN a 


>f[N,nm/C 3 ,n 


N 


i a 
I ^ 


n := 


A log N — B log log N 

for suitable A and B, then the latter expression tends to one. Recall that 0 < a < 2. 
Therefore, for large values of N we have 

p(pPM^c 4 ^)4 

which completes the proof for this case. 


5.14.3. The estimate for p. For the estimate from above simply notice that for any inter¬ 
val 7 we have p(7) ^ |/|. For the estimate from below take the interval [—|]. For any 
interval I C [— we have p(7) ^ C|7|, and thus the estimate from below runs as usual. 

□ 
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